
Multiplicative Weights

Applications



Online algorithms
There aren experts/actions and T days.
On each day t= 1 ... T :

n(t))
over experts.1

.

You specify a distributiona = (m, ... n

2. You observe costs act) = (c)
...,
cit) in ) [a,b] =V

(t)
. cit) + m(t) . c()+... = wC: E[Your cost] = w,

(t? (t)

Thm : If you run the Multiplicative Weights Alg,
(Your any cost)

- Cavy cost of best expert) + (small
T

iF#[ n(t) . ((t)] &
k= 1

= "regret"
- MW is a "no regret alg"



Application 1 :

Minimax Theorem



Zero sum games

Let M = [MM] be an uxn payoff matrix ,
with Mil.

Given mixed strategies p = [P] andg],
Score(pq) = [4:Mijqj= PTMg .

isj
Minimax Thm : min max piMq = max min piMq

E P P E

(c) player 1st) Crow player 1st)

Easy direction:
Hard direction : - (via strong duality of LPs)

Cor via MW)



Gol player's actions
Co)] ColnMinimax proof ↓ -- ↓

For tel , ...,
T rounds :

1
.

Col player selects mixed strat gCht Payoff
- using multiplicative weights [ Matrix I
2. Row player "best responds"

p(t) = argmax[(ph))"MgCt)
3. Lost vector ((t! (c)

......
C) = p!M for col player is revealed.

4. Col player's expected loss = pCt)Mq(t)
Def : p =2

T ()

E = [ gtt= 1 P

Goal : F and i are "approx minimax starts" :

max pMI min Mg
+ small



1 .
Col player picks get? 2. .Row player sets p(t) =maxspMgCt)). 3 .

Cost = pHM.

Fact :Wax pMg<
min Ng +OE

Pf : max PM
= maxZpMgCt)
-FI max pMg(
=Z = Alg's round t expected loss
↳ min
in # (pHM) : +O .

=
min
ie[n] (FM) : +o

= min FMq +O . D

Pf of minimax : mir max plg I max pMTo
↳ mirMg +O()
↳ max mir pM is



Application 2 :

Solving LPs (approximately)
Note :

can guess OPT via binary search
n variables XI , . . , Yn

Z
LP : max C . X 2. x > 04T↑

st . a 1. X = b , -> al - x1bi
" "

am . x[bm am -x[bri

X , , . -

-, Xn), 0 X ,, . , Xn40



Fact : Easy if only I constraint.

#
a . x = b

Pf : For simplicity ,
assume <30 and a 30 and b30.

↳1
.) "Put everything on x : Set X1 =

an ,
X=... = Xe= 0. If fensible

, output X ,

2
.) "Put everything on x2"

i

n+1) If all fail
, output "not feucible" .



LPalg k = (2 . xx0pT
,
x = 40)

For t= 1 ...T rounds

1. Select distribution over constraints mo = (mh , ... , wat)
using multiplicative weights M

wi
·ai-x . be2 .

Consider mixture of constraints(t)
i= 1 I= 1

- -
113 . Solve for point x(t) ((t) jz(t)ku(q(t) - x + B(t))

(t)4. Lost vector (t) = (c
.
cit)

,

c = bi - aix
5

.

Set Y= =(x ,
+ .. . + x+ )
(1) (T)

Note : 2 . x = = (2 . x + ... + 2 .x) = OPT

Note : i = + (X* +... + x(T))30

Thm : For all 181m , an** bit (small)



q(t) = Zw! ai
,
B( = [

,
wh - bi

,
x() = ku(a* x & ](t]

cost Cht = bi - ai - x
(t)

Thm : For all 162m
,
an 1 bi + (small)

Pf : By MW Guarantee,
T

=> &c . m() -min + Orange
E= 1

LAS: 2
_
[mm2. (bi - a: - x

+)) = +* -B()-q()y(), 0i= 1

RIS :2
+ (bi- a .

. x(t)) = bi - ai .x

: 0 = bi-ai- + Orange ·F)
=> aixbi +Orange) = buts if T = 0 logle)
where range = largest (*) =max 1 bi-aix : width


