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Minimum Cut
Input : Unweighted,

undirected graph 6 = (VIE)
Solution : Cut (C ,

C) of minimum size

cut ofFo
of size 3

Idea : Use Max-Flow/Min-Cut alg
Computes min s-t cut . Which sit to use?

Set s = 1 . Try all t = 2
, ..,

m. -
100 + pages

of math!

Runtime : n . (time for max-flow alg) n - O(m) n= /X
,

m= /El

Today : elegant Monte Carlo alg ,
runs in time Ont for success prob 99%



Karger's algorithm (6)
for i = 1,

, . .

.,
n - 2 (n = (v)

1
. pick a uniformly random edge en
2 .

"Contract" en
return cut specified by the remaining two supervertice

1
,33

·S



Intuition
minimum cut

·"
Karger's alg finds min cut if it never contracts
But

way more edges on left
Will usually pick there!

More generally: Many edges in graph , few in min cut



Thm : Let C = (S ,5) be a min cut of sizek.

Pr[Karger's alg outputs [] l=)
Pf : Def : 6: = graph at beginning of i-th iteration. (G = 6)

Hi = "happy" event the i-th contracted adge en
doesn't cross at ( = (5 ,5)

Pr[Alg outputs (C ,
J)] Pr[HilHi ...Hire

= Pr(H , 1Hz1 ... nHn -z]
= Pr (Hi] . PrCHzlHi] . Pr[HylHi , H2] - -- Pr[Hn-2(H1

,
..

., Hr-s]
=() · (i)( ...() · (t)
-



Pr[HilHi
, ...,Hari] = -Pr[Contract edge in C1H ....., Hi-1]

= I-# edges across C
-

# edges in Gi

Immi = 1-
Fact 1 : Min-Cut (Gi)3k

close to 1 if i= 1
,
i if i n-2

Cany cut in Gi corresponds to cut in G)
Fact 2 : vertices in Gi = R-(i-1) = Neit

Fact 3 : degree of each vertex in Gi k
Fact 4 : # of edges in 6:= degy

>it
- . k . /Gil k (ni+1)



Pr[succeeds][
Succedw/ constant prob : repeat in times

Cor slightly more

Fact : # of mir cut ! (
*)

Podoutput min cut]<, = of nincuts) .

Th
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Football experts

Game e Me Outcome
Cowboys Cowboys 49ers 4) 9ers 49ers Cowboys

v.
49ers mistake mistake mistake

Loss O I I 1 Penaltyf)
Cowboys Steelers Cowboys Steelers Steelers Lowboys
v. Steelers mistake mistake mistake

· Loss I O I I

Cowboys 2 ? 2 2
~ Patriots

Gal : Predict as well as sible the best expert
.



Experts problem
There are n experts E...... En and T days.
On each day t = 1 ...

T :

1 . Each expert makes a prediction (2 .g. Yes/No)
2. You make a prediction (e .g . YES/Not
3. The real outcome is revealed

Goal : At time T
,
#of mistakes you make)-( of mistakes) + (small)

of best experts

Applications : stock market
, sports predictions, atc .

Features of model
performance ,1 . NE assoming past predictions predict future I
call algs useless???)

2. Outcomes can be chosen adversarially ,

based on past predictions ,
even current prediction !

3. Input provided piece-by-piece



A simple case
Promise : one of the n experts E , ....

En never makes a mistake

Goal : make fewest mistakes possible
Idea : never follow expert who's already made a mistake

Alg1 : Follow It expert until they make a mistake,
Then 2 .... 1 "and so on .

Can make n-1 mistakes.

Alg2)"Halving algorithm") : For day t = 1, .
.

., T :

1. Set Correct [ [n) to be the set of experts
who have not yet erred

2. Predict Yes if3 ofCorrect experts do so
Predict No otherwise

Thm : Halving makes [logy() mistakes.
↑f : When Halving makes mistake , Korrectl E . Korrected . Curonlyhupea



A harder case
Promise : one of the n experts makes & M mistakes

Alg : For day t = 1 ...T
1 . Letmets = #Mistakes inth expert has made so far
2. Set Plausible-1 [n] to be the experts

who have made &M mistakes so far
3 . Predict majority vote of Plansible- experts

Thm : This Alg can make (M+ 1) · log (n) mistakes
half half
-

If : Experts I 2

I I
outcome

for
Days !i Can continue

n+ 1 N
M+ 2 Y Y .

-Y

I I (M +1) logz(N)
i

2m+2 YY . - Y
- rounds D

Goal : ## of mistakes) - (best expert) + (small)



Weighted majority al given parameter OC & (1)
Initialize weights will, ... ,

wh = 1

For t = I, ...,T :

1
. Output weighted majority of experts according to with weights .

(t+ 1)
2. Set w

=
= (l-s). with if ith expert erred .

Set witt = w !
(t)

otherwise .

Example w/ < = Y : Experts
I 2 3 4 Alg Real

Weights I I I I

Day 1 :

Predictions Y Y Y N Y N

W 12 12 Ye

Day 2 :
P Y N NY Y N
W 1/4 Y2 12 Yz

Day 3 :



Suppose we run WM aly w/ d = Y.

Fact 1 :

Let Wit = total weight of experts at time to
Suppose WM made a mistake at time to

Then WCt 124 . W? (Halve & 12 the weight
Fact 2 : Suppose expert: makes mi mistakes.

Then with Mi

Thm : Let M = # mistakes WM alg makes w/d = 2.

Then M&2 . 4 · (OPT + logz(n))·

Pf : Let i* = best expert .

Then with = yea(04T So Witt (1/2)04T
-

Alg makes M mistakes =>W = (4) W(l = (4)?

: ((nM CONTE M22 . 4 . (OPT + logz(n)) . is

21gz(44)
-M



Can't beat 2 Experts
Ei Ez Alg Real = opposite of alg
I g G I
I g I g

I G & O

I g 2 I

"

& O

# ofAlymistakes expert - Th
: ( of Aly mistakes) 2 . OPT

The fix : Let Aly be randomized.
Aly's prediction is probability distribution (Po , P).
Loss at day t is poit real outcomei



Randomized weighted majority (w/parameter a)
(1)Initialize weights W
, , . .. ,
wh = I

For t = I, ...,T :

(t)
1

. Set W( =w +... + Wa

2. Guess bedO1 o/prob fl wil . 1CEi gresses b today]

3. Set wh = (l-c). wit if with expert erred.
TSet witt = w !

(t)
otherwise . OPT + a.T + t - logz(n)

Thm : Set M=# mistakes. Then ECMITTOPT+ log2 (n)

Set c =I! Then E[M] <OPT+2ogz(n) T-O

So ECMISTIONTITLET -> O

"no regret algorithm"



General setting
There are n actions you can take each step (corresponding ton experts
On day t, you play action ite[n],

action i has cost ci
*
= 20, 1],

Goal : (Alg's cost) < (OPT action) + small

c -
>min Your"regret"



Multiplicative Weights Algorithm
Initialize weights wil , ..., wa =
For t = 1

, --
T

1
.
Set W(t) =w + ... + wht

2. Play action : w/prob witl/w(t)
3. Observe costs ch , ..., Ch

(t+ x)
= w!) . (1 - s . (

*)4. Set wi

Thm : Set E = Mre)/T.

Then ECRegret] -Ofgzhi(
.. ECRegret]/TEOCthTT) "no regret"



Strong duality of zero-sum games
Let M = [MM] be an uxn payoff matrix ,

with Mil.

Given p = [P] and got] , Scoreq) =24:Mijq= PTMg.
isj

Thm :

max min piMg = min max piMg9P
Pf: "Self play" : Row and Column players T games, each time

improving their strategies p and 9.
plt)= Row player's strategy in -th game,

generated by multiplicative weights alg.
(wheren experts = n rows of M)

q(t) = Defined similarly



Row Col

Game :

1. MW alg outputs p(t) 1 . MW alg outputs g(t)
2 .
Give MW alg loss rector 2. Give MW alg loss vector

- Ag(t) ATp(t)
3. Total loss =- (p(t))TAq(t) 3. Total Loss = (p(t))TAq(t)

= - Score (p(t), q(t))
MW alg guarantee :

(Row) HiTc-A)g- min ↑ A +4
i

↓ t= 1

t= 1-OS



o mir[((A)g#)+MiFZ (ApH) ; + 8 T
Def : Parg=#ZE pH) and garg= ]g(t)

of min (C-A)garg) : + min (Aparg(j +8T
[ i-m

C
-max

(Agarg(n) (mir Paig A)T
=_ max p Agarg

P

=> min max PTAg &

max pAgary mic PagAg +89 P E
= max min Ag

+8
c in

max pAg max mi pA
I


